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ABSTRACT: Generalizing the work by Cherkis and Schwarz [1] where the bosonic part of the
heterotic action was worked out with the novel introduction of the chiral bosons associated
with the current algebra, we carry out the double dimensional reduction of supersymmetric
M5 brane on K3 to obtain the supersymmetric action of heterotic string in 7-dimensional
flat space-time. Motivated by this result, we propose the supersymmetric heterotic action
in 10-dimensional flat space-time where the chiral bosons are introduced in similar way.
We explicitly verify the xk-symmetry of the proposed action.
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1 Introduction

Understanding of BPS objects in string theory and M theory shed great insight on the
structure of string and M theory. The prominent example is D-brane in string theory,
which facilitated great progress in understanding the nonperturbative aspects of string
theory. In M-theory, the counterpart to D-brane is M2 and Mb-brane. Certainly the
better understanding of these BPS objects would lead to the enhanced understanding of
M-theory but the status quo is something to be desired compared with the understanding
of D-brane. In the current paper, we concentrate on the M5-brane and make use of the
Mb5-brane action, in particular, for one application. One peculiar feature of M5-brane is
that the worldvolume excitations contain self-dual 2-form fields. In order to write a Dirac-
Born-Infeld (DBI) type action, novel approaches are needed. In case the worldvolume is
6-d Minkowskian spacetime, one way is to give up the manifest Lorentz invariance and to
write apparent non-covariant action with hidden Lorentz invariance [2]. Another way is
to impose the self-duality via gauge symmetry with auxiliary fields [3]. In this formalism,
after a suitable gauge fixing, the action is the same as the one proposed at ref. [2] as
shown at ref. [4]. The supersymmetric action of the M5-brane in the flat background was
constructed in ref. [4]. M5-brane action in arbitrary curved background was constructed
in ref. [5] and its worldvolume field equations were developed in ref. [6-8]. See also ref. [9].



In ref. [7], it is shown that equation of motion of M5 brane in 11-dimensional supergravity
background can still be written in fully covariant way in 6-dimension, yet the result is
equivalent to [2, 3] in the flat case.

It is shown at ref. [1] that M5-brane wrapping on K3 gives rise to the heterotic string
in 7-dimension for the bosonic truncation. The novelty of this work is the way the chiral
bosons representing the current algebra are introduced in the action. Basically this follows
from the compactification of chiral two form of M5 brane on K3 and the result is quite
different from the other heterotic actions hitherto known. Thus it is natural to consider the
supersymmetric generalization of it. We explicitly construct the supersymmetric heterotic
action in 10-d Minkowskian space motivated by the action derived from the M5-brane
wrapping on K3 where the chiral bosons associated with the current algebra are represented
in similar way. However we do not work out the underlying current algebra explicitly.
There are various constructions of kappa symmetric heterotic actions [10-13]. In each of
the cases, the realization of the chiral current algebra is different and it’s interesting to
show the equivalence of each approach.

The content of the paper is as follows. In section 2, we review the bosonic M5-brane
wrapped on K3 [1]. In section 3, we extend the reduction to the case of the supersym-
metric M5-brane action. The resulting action is the supersymmetric heterotic action in
7-dimensional flat space. Interesting point is that the lattice derived from the two forms
of K3 has the signature of (19, 3). The zero modes of the self-dual two-form give rise to 22
scalars of the heterotic action. Among these scalars, only 3 scalars coming from (0, 3) part
have the supersymmetric extension while the other 19 scalars have the same form as in
the bosonic case. Although the dimensional reduction is carried out at the leading orders
of the fermionic variables, it is sufficient to give the clue to write the heterotic action in
10-d. In section 4, we write down the supersymmetric heterotic action in 10-d flat space.
We have to introduce 16 scalars associated with the current algera. From the exercise of
the section 3, we guess that the action of the scalar associated with the current algebra is
the same as that of bosonic case. Indeed we can explicitly verify the kappa symmetry of
the proposed heterotic action. In the appendix we present the details of the proof of the
kappa symmetry.

2 Reduction of the bosonic Mb5-brane: review

In this section, we review the bosonic M5-brane wrapped on K3, which is introduced
in ref. [1]. The M5-brane action used here is the one introduced in ref. [3] where the

worldvolume covariance is manifest. The action is given as'

Hy,
‘Cl = —\/— det<Guy+’L\/$>, (21)

1 ~ v
£2 = —EHM Hm,pup. (22)

"'We use the following indices for the coordinates of the related manifolds. For the M5-brane worldvolume
and for the string worldsheet, u,v,--- and «, 3, - are used, respectively. For the 11-d and the 7-d target
spaces, M, N, --- and m,n,--- are used, respectively. We use i, j, - -- for K3 surface. Finally, hatted indices
are used for the corresponding tangent spaces of the manifolds.



The worldvolume fields of the action are XM | the coordinates of the target 11-d spacetime,
and B,,,, the two-form whose field strength H,,, is three-form. The equation of motion
derived from the Lagrangian £+ L9 with a suitable gauge symmetry is that of the self-dual
3-form. In addition, to make the general worldvolume covariance of the action manifest,
an auxiliary scalar field a is introduced as u,, = d,,a. In the action, the bosonic background

ex™ couples to the worldvolume fields through the pullback
G = (9ﬂXMeMM(9,,XNeNN77]\7[K, = OHXM&,XNgMN, (2.3)
which is the induced worldvolume metric.2 H* in the action is defined as
~ 1
HW = EE“VP"T’\HPUTu,\. (2.4)

The dimensional reduction here is a double dimensional one, which means that we wrap
the worldvolume on the compact part of the target manifold (K3 here). Then, denoting the
coordinates of K3 by ¢, we can take the static gauge X’ = ¢’ by using the worldvolume
covariance of the action, such that o* = (£%,0%) and XM = (X™, o) where £ are the
world sheet coordinates of the resulting heterotic string action.

In reduction, we take the zero modes of the fields on K3. For the two-form B, the
zero modes are the harmonic forms on K3. However, the harmonic zero-form B,z and the
harmonic one-form B,; on K3 do not contribute to the reduction because 9;B,3 = 0 and

Ba; = 0. Then, the only contributing one is the harmonic two-form on K3,

22
By =Y _ Y(&bri(0), (2.5)
=1

where B;; is expanded into the 22 linearly independent harmonic two-forms br;; which
form a basis of Harm?(K3,Z) = H2(K3,Z). Among by;;, three are self-dual and the rest
are anti-self-dual.

Then, by using eq. (2.5) we find that the corresponding nonvanishing components of
H,,, and H are, respectively,

22 22
Haij =y 0aY'bryy, H7 =y VY (xby)7, (2.6)
I=1 =1

where h = det h;j, h;; being the K3 metric, and Y= eo‘ﬁﬁaYIUB.

For the case of XM we can take ;XM = 5ZM by using the static gauge X! = o,
This gives the decomposition of induced metric as a block diagonal form G, = éag ® hij,
where éag is the world-sheet induced metric. (As usual, the target manifold is a product
one M7 x K3, M7 being a 7-dimensional flat spacetime, so that the metric becomes block
diagonal: gy N = Gmn ® hij.)

Then, inserting above nonvanishing components H;j, éag and h;; into the action and
integrating over K3, the final form of the reduced action is given as

- YIM; ;Y7 YIL ;YI\? YIL;;0,Y7u®
S=—\/—Gy|1+ =L 4 (= oo o%el B (2.7)
Gu? 2Gu2 2u2

2The worldvolume indices in the action are raised and lowered by the induced metric.



where
Liy= / by Nby, My = / by A xby. (2.8)
K3 K3

Here the point is that the reduced action eq. (2.7) is dual to the bosonic part of the
heterotic string action compactified on 7. The key clue is given by the Y/ brij of eq. (2.5)
and by the matrices L and M of eq. (2.8). In fact, by of K3 are the basis of the self-dual
lattice of signature (19, 3), which is unique up to isometries, so that L is the matrix of inner
products between the basis elements [14-16]. On the string side, as the heterotic string
winds around 73, there appear 16 + 3 left-movers and 3 right-movers. These modes make
the even self-dual lattice of signature (19, 3), so called Narain lattice. Thus, we can identify
the Narain lattice with the lattice arising from the M5-brane wrapped on K3, with the 22
movers being Y!. Moreover, M can be interpreted as the matrix in which the moduli of
the torus are encoded. In fact, the 7-d action eq. (2.7) can be directly shown to be equal to
the heterotic action compactified on 7% as in ref. [1]. Note that Y/ are the usual scalars in
the above action (2.7) but the equation of motion with additional gauge symmetry makes
Y1 chiral.

3 Reduction of the supersymmetric M5-brane

Now, let us wrap the supersymmetric M5-brane on K3, by extending the bosonic case
above, and see what the resulting 7-d theory is. Here the fermionic coordinate 6 of the 11-
d superspace and its bilinears on K3 play the key role. We first review the supersymmetric
M5-brane action, and then perform the reduction. In order to do it properly, we need the
full supersymmetric M5-brane action in an arbitrary supergravity background and carry
out the dimensional reduction. However we expect to obtain the heterotic action in the
flat space after the dimensional reduction and the action should have the form

L=—V-GVI+ - —ePOT,0,005X™ + - . (3.1)

We can guess this from the Type I kappa symmetric action and bosonic part of the heterotic
action. The structure we do not know is how the scalar degrees of freedom representing
Fs x Eg current algebra are entered in the supersymmetric way. Thus our strategy is to
start from the supersymmetric M5-brane action in the flat space and modify it in a minimal
way so that it can describe Mb-brane action in an arbitrary supergravity background in
leading order in #. In fact, at the leading order of #, the fermionic part coincides with
the flat case as shown by de Wit for M2-brane [17] and we expect the similar result for
M5-brane. Then we carry out the dimensional reduction to see the structure of the current
algebra parts of the supersymmetric heterotic action in 7-dimensional flat space. With that
information, it is easy to guess the form of heterotic action in 10-dimensional flat space.
We will write that action in section 4 and explicitly verify the kappa symmetry as well
as supersymmetry.



3.1 Supersymmetric M5-brane action

To construct the supersymmetric M5-brane action, we need to extend the target space to
the superspace with the coordinates Z4 (o) = (XM,0%), where 6(c) is a 32-component
Majorana spinor, an irreducible representation in 11-d. Then, together with the two-form
field By,
on-shell degrees of freedom, eight: five for XM three for B,,,; and eight for 0, as expected
for a brane of maximal supersymmetry. The auxiliary scalar field a(o) keeps its role as

both the bosonic and the fermionic fields in the theory have the same correct

making the general covariance manifest. The concrete form of the action is [4, 5]

Sys = /dGO'(ﬁl + ﬁg) + Swz, (3.2)

where

 H,
ﬁl = —\/— det(Guy +Z\/ﬁ>,

I ~ v
Lo = =5 M Mo G o,

Swy = /<c6 + %H A 03>. (3.3)

Here, the worldvolume fields ZA(O') and the 11-d supergravity backgrounds enters the

action via the pullbacks
n = 0,24 B4,
Cuvp = 0,2°9,258,2* Cupe,

G = 1LY (3-4)

USving
where E A‘Z and C'apc are the supervielbein and the three-superform of the 11-d super-
gravity, respectively. In Swryz, cg is the pullback of Cg whose field strength is the dual

of ng:
1
xdC3 = dCg + 503 A dCs. (3.5)

The two-form field B, enters the action via the supersymmetrized field strength H:
~ 1
H=dB —c3, H" = EEWPWH,WUA, (3.6)

where c3 is the pullback three-from in eq. (3.4). ~

Now, let us express the above pulled-back quantities by using the supervielbein E 44
evaluated up to the 2nd order of # and the three-superform Cypc taken up to the lead-
ing order in #. Suppressing the gravitino and the 3-form gauge field contributions, the
components of F A‘Z and C4pc are given as [17]

—

EMﬁ =eM — éFMwMH, E)f = (wMH)a,

Ea]T/I\ - _(érj/\/[\)m Eaa - 5a 5
Cunp =0, Crna = (0T pn)a,
Crtab = (0T i) @ (0T )y, Cae = (0T a1 ) (o (0T M) (0T o), (3.7)



where eMM is the bosonic vielbein and wp; = wMQF PO is the spin connection. Here we
take essentially the leading order expression in # with minimal addition to make the partial
derivative acting on # covariant derivative.

Then, by using eq. (3.7), the components of the pullback vielbein Hf in eq. (3.4) are
evaluated as

i =g XMEMM—i—@ 6B

= 0, XMexy —grM V.0,
I = 6MXMEM + 8,0,
= V6%, (3.8)

where V,0 = (9, + w,)0 and w, = 9, XMw)y, in which the worldvolume spin connection

wgﬁ (under static gauge) is encoded as well as the SO(5) gauge connection [18].

In a similar manner, the pullbacks c3 and cg are evaluated as
1~ _ 1- _
c3 = 50T N0 <dXMdXN +0TMdax™ + geereerNde>,

1 -
cg = Ol p, . M5d9< dxMi. . axMs 4 EeerdedXM2 e dXM5>

+ terms vanishing for the reduction on a 4-manifold, (3.9)

where dXM = OuX Miot and df = V,0do*. We emphasize again that there are higher
order corrections in @ for an arbitrary background but by concentrating on the leading
order corrections we get enough information to guess the heterotic action in 10-dimensional
flat space. As we will see later, the resulting 7-dimensional string action obtained by
leading order approximation is likely to be exact, though we will not try to prove its
kappa symmetry.

The super M5-brane action in eq. (3.2) is invariant under the kappa transformations
of the worldvolume fields [5, 6]

i = 6,2 Ef = (14 TR, 4TI =0, 6.H = —indes, Spa =0, (3.10)

where i, denotes the pullback of the interior product on a background superform with
respect to 0,24, In eq. (3.10), T is determined to satisfy T2 = 1 for the kappa invariance
of the action:

1 1 1 ~ o~
I = Yo (7 + 5 H" Yy u, + WGWMTUHWHMVW) (3.11)

with v, = I';; HM and 7 = 7p12345. In the flat background, the kappa variations above
reduce to

5.0 = (1+ D)k, 6, XM =—60TM0, 6, H,up = 6507],0,0. (3.12)



3.2 Decomposition of a 11-d spinor

Before we perform the reduction of the supersymmetric action, let us first examine the
decomposition of 11-d spinor # into 7-d and 4-d ones. The decomposition of 32 Majorana
representation of Spin(10, 1) under Spin(6,1) x Spin(4) is

32 =(8,2) + (8,2), (3.13)

where 2 and 2’ are respectively positive and negative chirality Weyl spinors in 4-d, each
of which is self-conjugate. As will be described in section 3.3, we take the 4-d spinors to
be covariantly constant in the dimensional reduction. Then, since the holonomy group
of K3 is SU(2), which is a subgroup of Spin(4) = SU(2) x SU(2), only one of 2 and 2’
is covariantly constant according to whether K3 is self-dual or anti-self-dual. Therefore,
taking 2 to be covariantly constant, only (8,2) of 32 contributes to the reduction on K3,
and in 7-d there are 16 real spinor degrees of freedom.

Now, let us express (8,2) in terms of irreducible representations of Spin(6,1) and
Spin(4). Note first that the spinors of Spin(6,1) and Spin(4) cannot be the Majorana, but
can be the symplectic Majorana (SM) [19, 20]. The SM representation is given as a USp(2)
doublet, which is a pair of spinors ¥; and 1o that satisfy

(¥a)* = Be'Pyp, B*B=—1, (3.14)

with €2 = —¢2! = 1. (In the Majorana representation, ¢* = B with B*B = 1.) Here,
B is a unitary matrix that relates I';, to I';,, both of them being the representations of the
Clifford algebra, as

I =nBT,B~', n==+1, (3.15)

where the sign of  depends on the signature of the metric.

In the case of Spin(4), where the Weyl condition is available, the two spinors in
eq. (3.14) can be the Weyl spinors of the same chirality. Therefore, the irreducible spinor
representation of Spin(4) is symplectic Majorana-Weyl (SMW).

Now, considering above irreducible spinor representations in 7-d and in 4-d, we can
express the 11-d spinor €, which is (8,2) of 32, as

0= A ®x1+ A2 ® xo, (3.16)

where A4 and x4 denote Spin(6,1) and Spin(4) spinors satisfying the SM and the SMW
(of positive chirality) conditions, respectively:

(Aa)* = Bre®PAp,  (xa)" = Bse Py, (3.17)

where BBy = —1 and BBy = —1.
The SM representation as an USp(2) = SU(2) doublet implies that the 7-d action
has SU(2) symmetry in the sense SU(2) = SO(4)/SU(2) where SO(4) and SU(2) in r.h.s.

are, respectively, the Lorentz and the holonomy group of K3. Then we need to assign



the SU(2) indices properly to A and x according to their transformation properties under
SU(2): lower indices to the ones transforming as fundamentals and upper indices to the
ones transforming as complex conjugates. The result is

M=Xa =009, =0T (= (xa)). (3.18)
This yields for 11-d spinor # and its Dirac conjugate 6

0= ®x1+ X2 ® X2,
=)o)+ 0 ex)HTie f(5)
=0 ® )+ A2 @ (xo)f
=N ox' +X¥ext (3.19)

so that the SU(2) invariant bilinear 6 is expressed as

00 = Mpx'xs =My, (3.20)
A,B

where we adopt the normalization of x4 to be Y4 x5 = 5§, as will be explained at the end
of this subsection. Here we have used the decompositions of 11-d gamma matrices

Ip=TnolE, Li=1al; (3.21)

where fm are the 7-d gamma matrices while fl the 4-d ones with f(5) = —f78910.
To show the above expression of 0 in eq. (3.16) is a consistent one, we should check 6
can be a Majorana spinor with the expression. The complex conjugation of # becomes

0 =Y M @™ =Y BrePAp @ Bye"“xc = (Br @ By)o. (3.22)
A A

Then we can expect B11 = By ® By to be the conjugation matrix in 11-d, satisfying the
Majorana condition. In fact,

Bilell = B;B7 ® BZB4 =—-1®-1=1,
Bl,Bi1 = BIB;® BiB, =1, (3.23)

which shows that the 11-d Majorana condition, along with the 7-d SM and the 4-d SMW
conditions, is satisfied.
In the tangent space bases of K3 and M7, the gamma matrices and the corresponding

conjugation matrices can be chosen as follows. In the case of K3, taking its coordinate to
be X7,.-., X110,

f7,8,9 =01,2,3 ® 02, Ty =10y, (3.24)
and for Mz,

1A;o,1,2 =0123® 1:(5), f3,475,6 =1® f7,8,9,10, (3.25)



where fo has an extra factor 7. The conjugation matrices B4 and B7 that are compatible
with the above gamma matrices can be

Bi=i0o®1, Br=03®009® 1. (326)

The covariantly constant spinors on K3 can be understood alternatively in the context
of spin states that are created and annihilated by the gamma matrices associated with
the Hermitian metric [21]. With the complex dimension being two, there are two creation
(annihilation) operators I'; (I'y). Then, the two covariantly constant spinors are identified
as the lowest state |Q) and the highest state [Q) ~ I'12|Q), respectively. This is because
these two spin states interact with the U(1) part of the spin connection, which is trivial on
K3 (and on any Calabi-Yau n-fold).

On K3, the two spin states |2) and |Q2) are of the same positive chirality, because the
raising operator I'; flips the chirality and there are two such flips from |Q) to |Q2). Besides,
since T',|Q) = T'3|Q) = 0, we can take the two SMW spinors x; and Yy in eq. (3.17) to
be |©2) and |Q), respectively. This property is used in the following section to identify
the spinor bilinears that appear in the reduction. Since y; and xo are respectively the
lowest and the highest (2nd excited) spin states and x4 = (xa), x'x2 = x*x1 = 0 by the
orthogonality between the states and y'y1 = x%x2 = 1 by the constancy of y4. Thus we
have the basic normalization YAy = 5;‘.

3.3 Reduction of the supersymmetric action

Now let us perform the double dimensional reduction of the supersymmetric M5-brane
action in eq. (3.2) on K3. Before integrating over K3, let us first take the zero modes of
the fields and find the components that contribute to the action. For the bosonic fields
B, and X M we can take their zero modes as in the bosonic case. For the fermionic field
0, we can take its zero mode to satisfy

L 3
V0 = (8,‘ + Zwﬂ};)@ =0, (3.27)

i.e., covariantly constant on K3, since the spin connection wiﬁ Nin the equation of motion
reduces to w? in eq. (3.27) with the condition wlﬁm\ = wgmn = 0 given by the product manifold
ansatz e/ = dyef = 0. 3

By using V;0 = 0 as well as the bosonic zero modes, we can evaluate the components
of the pulled-back quantities in the action.

First, the components of pullback vielbein Hf? in eq. (3.8) become
M7 = 9, XMe, ™ — TV 0, I, = —AT"V .6,
7 =e/™ =0, Il = e/ (3.28)
Here, for ey) = Q™ = 0, Vo = 00 + %w?ﬁf‘ﬁm, Spin(6, 1) spin connection being pulled-

back to 2-d worldsheet. However, since we take M7 to be Minkowskian, the connection is
trivial so that V, = 0,.

3In reduction, we take gMN(XM) = gmn(X™) P g45 (XZ) so that gmi = Omgi; = 0igmn = 0. That is,
eal = e = Baei = Oiem™ = 0 for vielbeins.



Then, the components of G, are given by using eq. (3.28) as
Gop = Goap + 00:0,0017050,  Gij = hij, Gai = —00;0,0, (3.29)

where éaﬁ = nﬁﬁﬂgbﬂg is the induced metric of the 2-d worldsheet in the flat 7-d super-
space background, and h;; is the metric of K3 surface.
Next, we get the components of ¢3 in eq. (3.9) as
1 _
Caij = §9rMNaa95§4 0N = 00ij0a0,  capy = ciji = 0. (3.30)
Although there is another nonzero term c,g;, it does not contribute to the action. This
can be anticipated from the observation that ¢¥ are the only nonvanishing components of
cH = %e“”p‘”)‘cpmuA as well as HY in L9, and that Hgij N\ capi = 0 in Swyz. That is, the

only nonvanishing component of ‘H,,, and HH are, respectively,
Haz'j == Haij — Caija ﬁij == ﬁlij - EU (331)
Finally, cg is evaluated in the similar manner as
_ 1_ _

where F(5) = —F78910.
Now, note that the nonvanishing components of the above pullbacks G, c3, and cg,
include three kinds of # bilinears:

él“maaé? (in 06), 671“,0&6 (in Guy), 9Fij8a6 (: Cg). (3.33)

(9F(5)Pm8a9 in cg is identified to be the same as 0,,0,60 as shown below.) To complete
the reduction of the pullbacks, we need to identify these bilinears using the decomposition
of 0 in eq. (3.19) and the properties of the covariantly constant SMW spinors x4 on K3.
The gamma matrix decompositions introduced in eq. (3.21) are used here.

First, let us evaluate 61',,,0,0 in cg:

él“maaﬁ = Z(E\A & XA)(fm & f(5))(3a)\3 & XB)
AB

=Y MTmdarsx* x5, (3.34)
A,B

where we have used )Zlf(g,) = y' and X2f(5) = %2, x1 and a2 being positive chirality
spinors. Using xAxp = 04, eq. (3.34) becomes

0T 1,000 = AN T 1,00\ 4. (3.35)

By using this result we can complete the reduction of ¢g which is the first term of Swy.
However, note that 9_F(5)Fm6a9 = 0T,,,0,0 as can be seen in eq. (3.34), x4 being of positive
chirality, so that in eq. (3.32)

€*POT (511, 0o 00T ™ 936 = 0T, 0,00T™ 930 = 0. (3.36)

,10,



As a result, inserting eq. (3.35) into eq. (3.32) and integrating over K3,
/ 6 = —€ P AT 0aA )05 X ™. (3.37)

Next, let us evaluate 0I';0,6 which appears in Gop and in Gy;:

0ri0.60 =y (M @x™)(1@T))(@ars @ x5)
A,B

=> MouAsx'Tixs. (3.38)
A,B

Here, the 4-d bilinears )ZAfz‘XB in the last line are the one-forms on K3. Similarly to
the above bilinear scalars, we can identify these bilinears by using the spin sate analysis.
But here we should consider the gamma matrices in the bilinears, which are the ladder
operators acting on the spin states. For example, leaXl = 0, because faXl is the first
excited state which is orthogonal to the lowest state xi. Similarly, leaxg = 0 where
faxg is also the first excited state *. Note, besides orthogonality, I'yx1 = Taxe = 0 gives
vanishing bilinears. Then, examining the bilinear one-forms above in this way, we find that
all of them vanish, which means,

070,06 = 0. (3.39)

This makes G5 and Gy; of eq. (3.29) become

Gaop = Gop, Gai =0. (3.40)
That is, G, becomes block diagonal as in the bosonic case:
GMV = éa,@ ) hz‘j, G = éh, (3.41)

which implies that we get the same reduced expressions as in the bosonic case for G and
for the terms contracted by G .

Finally, let us evaluate cqi; = érijaae, which will be verified to play a key role in the
reduction. It becomes

OT;0a0 = > (A @ X (1 @Ti)(@ara ® xa)
A,B
= Z S‘Aaa)\BXAfinB- (3.42)
A B

In this case, the bilinears )ZAfinB are the two-forms on K3. As in the previous cases,
we can easily check which (components) of these two-forms vanish, by considering the
successive ladder operators fa (fa) between the spin states. For example, lea,;)ﬁ, the
antiholomorphic components of leij)ﬁ, vanish:

X' Tapxa ~ X' (Taly = Tgla)xa ~ x'x2 = 0, (3.43)

4To avoid confusion, we denote the complex coordinates of K3 by w® and w®, while the real coordinates
are denoted by o'.
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where the lowest state x1 has been raised by the two successive raising operators I'; and fg
to be proportional to the highest state xs. In this way, we can find the vanishing compo-
nents of each bilinear two-form and can write down the two-forms with the nonvanishing
components only. The result is

)Zlfl-jxldo*i Adod = )Zlfal;xldw“ A dw?’,
Xinjxgdai Adod = XQfagxgdw“ A dw?’,
)Zlfl'jXQdO'i Adod = )Zlfabxgdwa Adw®,
)ZQFZ-ledJi Ado! = )ZZFaEdewa A dwb. (3.44)

Now, let us examine what these two-forms, which constitute cq;j, are on K3 and which
role they play in the reduction of Hyij = Haij — caij and of Hyij A caij-

First, we can show that )Zlfagxldwa A dw? and )ZQFGBngwa A dw® in eq. (3.44) are
proportional to the Kahler form J = ig ;dw® A dw®. This is realized as

Y x1 = X' gaxa — X' Tplax1 = gaps
CTapX2 = =X gapX2 + X Tal X2 = —Gup, (3.45)

where we have used faXl = fgxg = 0 and normalization Y'yx1 = x%’x2 = 1, x1 and x»
being covariantly constant. One property of the Kéahler form J is that it is self-dual and
harmonic. It is self-dual because, up to a positive constant factor,

*gpdw® A d® ~ —\/ggalgegezdwé A dw? ~ ggedw® A dw® (3.46)

where the Hermitian property of the metric, g, = gz = 0 has been used. Then since
Kahler form J is closed and is self-dual as shown in above, it is coclosed as well. Therefore,
it is harmonic.

One can show Q = YT py2dw® A dw? and Q = )ZQfaEdewa A dw® in eq. (3.44) are
also self-dual and harmonic by a similar manner. Thus we have identified the nonvanishing
bilinears in eq. (3.44) as three independent self-dual harmonic two-forms J, Q and 2 on
K3. These three self-dual two-forms can be transformed into the real ones, J, (0 + ()
and 5 (Q — Q), which are the self-dual elements of H*(K3,R).

Then, the point is that we can take the harmonic two-form basis br;; on K3, consisting
of 19 anti-self-dual forms and 3 self-dual forms, such that the above three real harmonic
two-forms are the self-dual elements of the basis®:

1 _

bi=J, by =-(Q+Q), b= 72— Q). (3.47)
1

1

2

As a result of the above identification of the bilinear two-forms in eq. (3.44), we can
rewrite caij = O1;;0,0 of eq. (3.42) as

3
Caij = Z Céb;rij, (3.48)
I=1

®We denote the anti-self-dual and the self-dual harmonic two-forms by b; and b}, respectively.
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where we have rearranged the 7-d bilinears A9, Ap in eq. (3.42) to be the coefficients ¢,
of the self-dual basis b} :

L= —i(M a1 — N0uN2),
2 = MO Ag + X201,
& = i(MN0aAa — A20)1). (3.49)

That is, c,;; is expanded into only the self-dual part of the harmonic basis H 2(K3,R),
whereas H;; is expanded into the whole basis as in eq. (2.6). As aresult, Haij = Haij—Caij,
the only contributing components of H,,,, can be expanded as

19
Haij = > 0aY by, + Z Zib},. (3.50)
where the coefficients of the self-dual part are the supersymmetric quantities,
=0, YT — L. (3.51)

Then, 7'~(ij, the only nonvanishing components of HM become

19 3
H =Vh (Zfﬂ(*b;)ij + ZEI(*b;)fﬂ), (3.52)
I=1 I=1
where Z1 = e ZLug.

We can interpret this result in terms of the dual description of the heterotic string as
in the bosonic case. If we expand H,;; as

Hoij Za Vb, +Za vibf, (3.53)

where Y and Yl corresponds to the left-movers and the right-movers of the heterotic
string, respectively. (We will use terms left movers and right movers for Y/ and Yi but
this terminology is more appropriate only if the fields are on-shell with the gauge fixing.
The situation is analogous to the self-duality of H,;;.) Then, when the heterotic string is
compactified on T3, the left movers Y which is bosonic in 10-d should remain bosonic,
whereas the right—movers YI should remain supersymmetric as in 10-d. This is well satisfied
by eq. (3.50), where ¢!, the fermionic bilinears in 7-d, are added only to the three right-
movers Y_{ making Zé supersyn}vmetrlc.

Now if we insert H,;; and H" into £; and Ly of the supersymmetric action, as in the
bosonic case, the related terms are written in terms of f brAby and f brAxb;. However, note

/bIAbj:/blA*bj:/bjA*bl:/—bIAbjzo. (3.54)

That is, the product of a anti-self-dual two-form and a self-dual two-form vanishes. As a
result, as £1 and L are integrated over K3, L;; = ng br ANby and My = ng br N xby of
eq. (2.8) become block diagonal:

L=L"a&L", M=M &M, (3.55)
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where L™ (M~) and L™ (M™) are the blocks constructed from the anti-self-dual and the
self-dual elements of the harmonic basis, respectively: L;; = st by N\b7, L}FJ = st b;r/\b}r;
and similarly for M, M;f]

The above decomposition of L and M makes all terms including L and M decomposed
into the terms including the coefficients of the self-dual forms and those of the anti-self-dual
forms. This implies that the left-movers and the right-movers in eq. (3.50) are decoupled
in the action up to the quadratic terms. For example, Lo becomes

HiHoiju® ~ | VAV (xb7 A xb7)06Y7 + Z1 5 (5bF A xb$)Z7)
K3 K3

~(YILy,0,Y) + 21 LT, 20, (3.56)

where we can see the terms of left-movers, Y/ L7,0,Y7 and those of right-movers, ZT L}zl
are separated.

In this way, inserting G, of eq. (3.41) besides Hq;; and HiJ into L1 and Lo, and
integrating over K3,

YM-Y + ZM+Z YL-Y + ZL+7Z\?
Ly — —V=Gy|1+ il + il ,
Gu? 2Gu?

(YL™8,Y + ZL* Zg)u®
2u? ’

Lo — — (3.57)

where we have omitted the basis indices I, J.

Thus we have completed the reduction of £1 and Ls. Besides, we have already reduced
the first term of Swyz in eq. (3.37). Then the rest part is the second term of Swyz, which is
%H A cg. This term is easily reduced by using cq;; in eq. (3.48) and Hg,j in eq. (2.6):

1 1 .
- HANcg = Z/ GaﬁezjleaijCQij
K3 K3

2
= / PVha Y (bf AbT)eh
K3
= ¢P9,Y LT cp. (3.58)

Note that this term has only the block of the self-dual basis.
Finally, collecting the results of the reductions, eq. (3.37), (3.57), and (3.58), the full
action of the 7-d heterotic string becomes

YM-Y +ZM+Z (YL°Y + ZL+Z\?
= —V/=Gy/1
o G\/ * Gu? * < 2Gu? ) ’
(YL™8,Y + ZL* Zg)u®

Lo=—
2 2u2 )

L3 = —ePAT10ara)05X™,

Ly = —e"P(8,Y LTcp). (3.59)
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4 10-d heterotic string action and its kappa symmetry

We now try to construct the 10-d action of the heterotic string by using the structure of
the 7-d action eq. (3.59). The 10-d action can be naturally constructed by considering the
intersection matrix L above along with the left-moving and the right-moving part of the
7-d action.

As mentioned in the bosonic reduction, the topology of K3 requires L = st by ANby to
be the intersection matrix of the even self-dual lattice with signature (19,3). This lattice is

unique up to isometries which preserve the inner product, so that one can choose L as [16]
L=—-FEs®—-FEs®ododo, (4.1)

where Ejg is the Cartan matrix of the Lie group Es, and o = ({}).

In the case of 10-d heterotic string, the 16 modes of the left-movers construct an even
self-dual lattice of signature (16,0). There are two such lattices, one of which is I's x I'g
with I'g being the root lattice of Eg. Then, as we construct the 10-d heterotic action from
the 7-d action, it is natural to eliminate the block ¥ = o @ ¢ @ o of signature (3,3) in
eq. (4.1) along with the elements in the action that couple to X.

In fact, L™, the intersection matrix of the three self-dual two-forms, J, %(Q + Q) and
% (92 — Q), has the signature of (0,3). Therefore, LT forms the sub-block of ¥ whose
signature is (3,3), so that we can eliminate LT along with the Z! and Z! which couple
to it. Since Z! = 9,Y! — ¢! is the supersymmetric extension of right-movers 9,Y/, the
elimination of these terms naturally give the 10-d theory and we are left with scalar degrees
of freedom representing Fg x Fg current algebra.

Consequently, keeping only the terms including the sub-block L = —Fg & —FEg of L~
(and similarly for M ™), its signature being (16, 0), the proposed 10-d action is written as

YMY [(YLY\?
o=~ G (35)

Gu? 2Gu?
YLaaYu
Lo=——Ha
L3 = —€POT,,0,003X™ (m=1,---,10),
L4=0. (4.2)

Here, £4 = 0 because it has contained only L™ terms in 7-d. Also note that we have added
three noncompact coordinates X" which enter the induced metric G, in £ as well as in
L3. The above 10-d action has correct field contents of the heterotic string. Y are the
16 scalars and X™ are coordinates of 10 dimensions while 8 is a Majorana-Weyl spinor of
10-d with 16 real degrees of freedom.

Note that in the above 10-d action the condition M L~'M = L in (10—n) dimension [1]
reduces to M = — L. This is realized from the M5-brane point of view as L;; = st brNby
and Mjy; = fK3 br N\ x%b; where b; are taken to be all anti-self-dual when they construct
(16,0) block, as argued above.
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The condition M = —L is also well understood in terms of the 10-d heterotic string.
This can be seen first from the moduli space of the theory. In (10 — n) dimension matrix
M characterizes the Narain moduli space, up to the T-duality group O(16 + n,n;Z) [1],

O(16 +n,n)/(O(16 +n) x O(n)). (4.3)

Then, in 10-d (n = 0) the moduli space M characterizes becomes a 0-dimensional space so
that M is a matrix of fixed components for corresponding L. The concrete form M = —L
can be justified by the projections Py = %(1 + L7'M), for (L='M)? = 1, which projects
out right- and left-moving Y!. Then, in 10-d P4 = 0 is needed, since there are no right
movers in compact dimension. As a result, we have M = —L.

The equation of motion of Y in terms of P_ along with the identification of Y7 as
chiral bosons (left-movers) in 10-d action can be given by the PST gauge as follows. First
we can obtain the compact part of the 10-d action in Polyakov type in a similar way to the
7-d bosonic string described in ref. [1]:

1 ~ ~

where M = —L has been used and u, = d,a. This compact part (as well as the full action)

is invariant under the two kinds of PST gauge transformations

P_o.Y
(9+a

Y = f(a), da =0, (4.5)

Y =¢ , da = ¢,

where the lattice indices I of Y/ are suppressed. Then fixing the second gauge in eq. (4.5),
similarly to the cases introduced in ref. [22], we can identify the Y/ in the action as left-
movers. As we write down the action in eq. (4.4) as

1
_ * T 8

where F,, = 0,Y, F} = eaﬁaﬁY, the equation of motion for Y/ becomes

o ugFu’ o F
() eaZpen

where F = F, = F! + F, = Fo + F} = 0,Y. The general solution of the eq. (4.7) is
F = glayus, (4.8)

where g(a) is an arbitrary scalar function of a. However, we find that this solution is equal
to the pure gauge 0F for the 2nd gauge symmetry of (4.5):

0F = 040Y = 04 f(a) = g(a)u, (4.9)
where g(a) = f'(a). Therefore, we can pick up the solution
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as a gauge fixed equation of motion, F, being anti-self-dual and Y’ left-movers. (For
L = M, we get the self-dual F,, and right moving Y7.)

Another clue for M = —L is the kappa invariance of the 10d action, which is not
achieved unless M = —L as will be shown below and in the appendix. Thus the condition
M = —L originated from the Mb5-brane side is consistent with 10-d heterotic string. We
emphasize that at the classical level we don’t have to impose L to be intersection matrix
of the even self-dual lattice with signature (16,0). Such condition would arise from the
absence of the world-sheet anomaly, which would arise at one-loop. It would be interesting
to work out this explicitly.

Now, let us check the kappa symmetry of the above 10-d action to see it is the correct
one 5. We can infer, from the kappa variation of the fields of M5-brane action, the kappa
variations of the 10-d fields

00 =R(1-T), 06X™=—-601"0, oYL =0. (4.11)

Note §Y! = 0 which is satisfied in the absence of the Yang-Mills background A/ . That
is, the kappa variations of 16 left-movers in compact dimensions vanish. Therefore, we can
consider the variations of X™ and 6 of noncompact 10-d only.

From above variations of X and 6§ we can deduce the variation of the pullback vielbein
H?. Since here we take the 10-d supergravity background to be flat,

07 =TI = 9, X™ — 0T™d,0, (4.12)
whose kappa variation becomes
ST = —250T"0,,0. (4.13)
Then, we get the variations of induced metric G5 and the related quantities as
0Gap = _25‘%{0436}97
5GP = —G5G.5;GOP = 2601190},
1 _
0G = ieaﬁewa(emeﬁg) = —4G50~°0,0,
ou? = 5Gaﬂuauﬁ = 45§7a8ﬁ6uauﬁ, (4.14)

where v, = ', 117"

We can prove the kappa symmetry of the action by using the variations above. The
main scheme is similar to the one introduced in ref. [4] for the case of M5-brane action.
First, define U% and T“ as

2 - (e%
8Ly = £—150U Db,
SLo + 6L3 = 260T0,0. (4.15)

5The supersymmetry of the action is verified easily. With 6.0 = € 6. X™ = el'™§, and 6.Y! = 0, we
have 6113 = 0, which yields 6.£1 = 0.L2 = 0. The rest is §¢L3 = 0, which can be shown using the spinor
identity introduced in the chapter 4 of ref. [21].
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Evaluation of 6L, L9, and 6L3 gives

YMY (YLY)?
_ B B0 _ B
=t W)z ! ugu” + 4G (u?)? By =7 Dus,
YLY
- _= B0
T = —’7’7a + WE@MV{ G }azﬂu(g, (4.16)
where 4 = 1. Then, we can take a quantity
YLY
== =57 4.1
P=7"5a.27 (4.17)
which satisfies, for M = —L,
U =pT%, p* = (L) (4.18)

Eq. (4.18) above implies that the action is invariant under the kappa symmetry. To see
this, first note that we can take 66 = £(1—T') with I = £- because % =1 from p? = (£1)%
Then, by using U* = pT“, we find that

oL = 25§<U— + T“) 0,0
Ly

R(1—T)(1+T)T%0,0
0. (4.19)

The details of the proof, including the evaluation of U%, T“, and p along with the check
of eq. (4.18), are given in the appendix.

The requirement of the kappa invariance restricts the supersymmetry of the heterotic
action to be N/ = 1. For example, let us check the possibility of kappa invariance for
the case of N' = 2 supersymmetry such that § = 6y + 63, 6, and 6y being 16-component
Majorana-Weyl spinors. Then, £ and £, have the same form as in the eq. (4.2) with
610,60 replaced by 041™0,04 for A =1,2. But L3(= Lwyz) is written as

L3 = —e“ﬁ(élfm(?aﬂl — égrmaaeg)ang + eaﬁélfmﬁaele_ﬂ‘m@ﬁ@g, (420)

which is the same as Lwyz in Type II theories. Then, under kappa transformations, all
terms in 6L, 0L and §L3 are written in terms of §6; and 66 separately:

2 _ —
6Ly = E—(aeanaaal + 802U 0 05),
1

0Ly = 2(69_1R°‘6a91 + 69_2R°‘6a92),

SL3 = 2(601.5%0,01 — 6025%0,05), (4.21)
where U® and T® = R*+ S (S% = —4%) are those of eq. (4.16) with 61,0 replaced by
04100 4. Here, for 6L to vanish, 6, and 86y terms should vanish separately. However,

this is not possible due to the sign difference between the two terms in dL3. That is,
referring to eq. (4.18) and (4.19), we need to have for kappa invariance

U® = p1(R+5%), U® = po(R* = S°), o} = p3 = (L1)", (4.22)
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which cannot be satisfied simultaneously. Thus the action is not kappa invariant.

In contrast to the heterotic case, Type II theories have kappa symmetry with 6 =
01 + 05. A Type II action in flat background can be given from the above heterotic action
by taking Y/ =0 and 6 = 6, + 6.:

R re)
Ly=0,
L3 = —eo‘ﬁ(éll“m(?aﬂl — 9_1Fm6a91)65Xm + eo‘ﬂélfm@aele_ﬂ‘m@ﬁeg. (423)

Here Lo = 0 is critical for the kappa invariance of the action. The action transforms as
92 _
0Ly = E—(501U°‘3a91 + 06,U%0,02),
1
0L3 = 2(601.5%0,01 — 6025%0,05), (4.24)

where U? is different from those of eq. (4.21). Then it is possible to take

U* = pS®, p? = (L), (4.25)
which results in, for I' = £,
SL = 2601 (1 +T)S%0001 + 2505(1 — T)S¥Dp2 = 0, (4.26)
for the 64 variations
801 = k1 (1 =T), 80y = Ra(1+T). (4.27)

Here the 007 and 06, terms vanish separately.

5 Discussions

In this paper we propose the supersymmetric heterotic string action motivated by the
dimensional reduction of M5-brane wrapping on K3. And we explicitly prove the kappa
symmetry of the resulting heterotic action. The novelty is the additional scalars realizing
the chiral current algebra. It would be interesting to explicitly verify underlying Kac-
Moody algebras. Also one should consider the generalization of the heterotic action in an
arbitrary supergravity background. This construction can also be viewed as D1-D9 system
in the Type IIB theory with treating D9s as backgrounds. In Type IIB, there is also D9-D5
system, which is supersymmetric. Its DBI type action is unknown. It would be interesting
to work out D9-D5 action and we hope that the current construction can shed some light
on that problem.
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A Proof of the kappa symmetry in 10-d action
A.1 Useful relations
For v, = I',, 117 and 4 = 701,
YYVa = _Geaﬁ')’ﬁy YYaB = _Gfaﬁa
Ya¥8 = Yap + Gaps YapVy = VaGaly- (A1)

The generalization to a worldvolume of arbitrary dimension is, for ¥ = 7;...p,

k1) (k+2) G
5 — () 2 pneep
YVpgq1-pp = () 2 k|€ﬂ1"'uD7 o
min(m,n)
_ mn
VMI"'MmVVl"'Vn - Z Ck fyﬂl"'Nm—kyl"'yn—kGum—k-klyn—k-kl T GMmVn’ (Az)
k=0

where CJ" = (—)knFk(k+D/2E1 () (1) and p’s and v’s in the r.h.s. are antisymmetrized
separately.

A.2 Evaluation of U®

First, let us evaluate 6(£1)? to get U® from 6(L£1)% = 2£16L, = 460U%8,0. Since 6Y! =0

from 6Y! = 0, we can consider 6G and du? above only:

3(£y)* = =G — (?M?)5<i) _ (?L?)25<G(1 )

u? 4 u?)?
. Y MY YLY)?
= 466 (GVO‘ + )2 YPugu® + iG(uQ;?’ (27 u® — yauﬁ)uB> 0a0, (A.3)
which gives
N . YMY o (YLY)? 0w
U* =Gy + (w22 Y ugu® + W@Wﬁu — 7 )ug. (A.4)

A.3 Evaluation of T¢

First let us evaluate 6Ls:
Y LO5Y uq YLozYul [ 1
5Ly = —#(66”60‘) _rhostw o -
2 u2
- EN/L(%YUQV{Q(?O‘}H 2§~/L85Yu57760‘9u7ua
=00 — +
w2 (u2)?

— 50 L (v 8 w2 + 205 Y uPy T uu® ) 9,0. A5
(u2)2 BY Y y (6] YUy

This can be simplified more by rewriting the second term in the parenthesis as
QBﬁYuﬁuvfyvu“ = (%Yuyuﬁ(’yﬁua + usGP)
= (OgYu? + ?eﬁyuy)(yﬁuo‘ + YousGP)
= BﬁYv{BGV}auVUQ + ?emzﬂ(fyﬁu“ + OusGPY), (A.6)
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where we have used
Y uug = 95Yu’ + ?eg,yuv. (A.7)
Then this cancels out the first term of §L9 giving

YLY

6Ly = 59( % Syt (Y u + 7 usGP) 00
YLY
= 250< L eﬁw{ﬂeé}amw)a 0. (A.8)
Now let us evaluate L3,
0Ls = —P5(OT1,0,0)0pX™ — €*P(OT,,0,0) 050 X ™. (A.9)

Here the first term becomes
—€*F5(0T,,000)05X™ = —€*P (30T ,,000 + OT,,04,00)05 X™

= —€*P (807 1,000 — 0007 ,,0)05 X ™
= —€P (2007 ,0,0) 05 X™ — P, (30T,,0)05X™, (A.10)

total derivative

where the second equality is realized since # is Majorana. Next, the second term becomes
—B(OT,,000)050 X™ = €20, X, (AT™D0)

= P9, (—60T,,0) (6T 5;50)
= €0 (50T 1n0) (0o 0T 30) + 20D, (—60T,,00)T ™90 . (A.11)

total derivative
Moreover, we can use a spinor identity [21], which is realized for Majorana-Weyl spinors
in 10-d, to change the last line as
P (80T,,0)(0,0T™30) = 2627 (30T ,,0,0) (AT D50). (A.12)
Finally, collecting the two terms of L3 again,
0Ly = —2¢*P(50T,,040) (9 X™ — OT™D50)

= —267 (80T, 00,0) 11

= 200(—e* T, II5") 000

= 260(—€*P5)0,0

= 260(—37*)0ub. (A.13)

In result, we get T from 6Ls + dL3 as

YLY
T = -7 + eﬁvfy{ﬁG‘s}auA’ug- (A.14)

2(u?)?

— 21 —



A.4 Determination ofp

Equipped with U® and T, we now find an appropriate p with p?> = (£1)? and show
U® = pT“ to complete the proof. First, we take p as

P=7 5537 (A.15)
Then p? becomes
YLY (YLY)?
2 -2 2 2
p=7 Gu? ! + 4G2(u?)27
. YMY (YLY)?
B u? 4G (u?)?
= (£1)%, (A.16)
where 72 = —G and M = —L have been used.
A.5 Proof of U* = pT*
To show U* = pT'*, we decompose U%, T and p according to the power of V7 as
Uy = G,
upr =0,
YMY
2= e
Us =0,
(YLY)?, 5
Ug = W(Zw u® — % u)ug, (A.17)
Toa = _7,}/06’
9 =0,
YLY
I3 = 2(u2)2'6577{6 G g, (A.18)
po =7,
P1 = 0,
YLY
_ = A.19
P2 2Gu2 s ( )

where the subscripts of U, T' and p denote the powers of Y. Then U® = pT'™ becomes
Ug = poTy,
UL = poTt + mTy',
U = poT§ + pi T¢ + poT§,
Us' = p1 15" + p2 17,
Uf = poT5". (A.20)
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Then we can complete the proof of kappa symmetry by checking above relations. First
UP = poT7 + pi 13 and Us' = p1T5 + p2 1T are checked easily, since T} = p; = 0 and
Up =Us =0.
US = poT7* + p1T§ is checked as
poTS = —724* = Gy* = Ug, (A.21)
where we have used 72 = —G.
Next see how Us' = poT5'+p1 17+ p2 1" is realized. First poTs' is evaluated as, omitting
the factor %u”u&
poTs" ~ Fepy PG
— Vﬁv'y{ﬁGé}a
= 'yﬁﬂ,'yeGe{ﬁG‘s}o‘
= 3G GVG
_ (’Yﬂ/ o Q’Yy)Géa + ’)’a(sf/ o ’Y«/G(Sa
6 S
= —27,G"" + 7%, (A.22)
where we used Yegy = 73, and vg,7e = VgG4je. Then,
YLY
5= ——
PoLlo 2(’[1,2)2
_YLY (2
- 2(u2)2 v

g (—27, GO + 55/70‘)
Fu® + v uPyug. (A.23)
Secondly, p117* = 0 from p; = 0. Lastly,
P21y = 55
= ——— % A.24
: (A24)
where 42 = —G has been used. Then using M = —L,

Y MY
poTs + pi T + po T = Wvﬁ ugu

a

=Us. (A.25)
Finally, Uf* = p2T%" is proved as
YLY
p15 = —WPOTQOC
(YLY)?
= 1Caeyp @ =g
=Uy. (A.26)

Thus we have proved the kappa symmetry of 10-d heterotic action.
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